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When using Total Beta to estimate private company cost of capital we find a public company that is comparable to
our private company, estimate the volatility of returns for that public company, and use that volatility estimate as
a proxy for the return volatility of our private company. Is the volatility of that public company’s returns a good
proxy for the volatility of our private company’s returns? If the public company is diversified by market and by
product does this understate the volatility to be applied to the private company which may have only one product
in only one market? In this paper we will use a one factor model to calculate the volatility of returns for a public
company that has multiple products in multiple markets and then compare that volatility estimate to a comparable
private company that has one product in one market.

Our Hypothetical Problem

Assume that ABC Company is a public company that manufactures and sells computer chips and fax machines
in the United States and Europe. The table below presents ABC Company’s expected annual returns and return
volatilities by market and by product...

Business Line Weight Mean Volatility
US chip business 40% 18% 30%
US fax machine business 30% 15% 25%
European chip business 20% 12% 20%
European fax machine business 10% 9% 15%
Total or weighted average 100% 15% 25%

It is a given that the economies of both the United States and Europe are correlated with the Global economy. It
also follows that the chip and fax machine businesses in the United States are correlated with the state of the US
economy and the chip and fax machine businesses in Europe are correlated with the state of the European economy.
The table below presents ABC Company’s relevant market and product correlations...

Symbol Market or Product Correlation
Pu,g Correlation of the US market with the Global market = 0.75
Pe,g Correlation of the European market with the Global market = 0.65
Peu Correlation of the US chip business with the US market = 0.85
Pfu Correlation of the US fax machine business with the US market = 0.70
Pese Correlation of the European chip business with the European market = 0.80
Pfe Correlation of the European fax machine business with the European market = 0.60

Arithmetic average correlation = 0.73

Note: The correlations above are hypothetical and do not necessarily represent real-world correlations although
they are within the realm of reason.

Question: If we view ABC Company as a portfolio of business lines what is ABC Company’s expected return
and expected return volatility? By how much is ABC Company’s portfolio volatility reduced as the result of
diversification as compared to a company with one product in one market?



Market Factors

We will define Market as the continent or country in which ABC Company sells its products. ABC Company’s
two markets are the United States and Europe. We will model the correlation between markets via the common
factor M (Global Market Factor). By definition M is a normally-distributed random variate with mean zero
and variance one. Using this definition of Mg we get the following expectations...

Mg ~ N[0,1] ...suchthat... IE[MG} =0 ..and... ]E{Mé} =1 (1)

The state of the economy in the United States is represented by the common factor M, (US Market Factor). The
value of M, is a function of (1) the correlation between the US economy and the Global economy and (2) random
noise, which is represented by the independent random variate Z,. The correlation between the US economy and
the Global economy is represented by p, 4. The equation for the random variate M, is...

My = pug Mg +4/1— p%)g Z,, ..where... Z, ~ N[0,1] (2)

The expected values of M, and the square of M, (see Appendix equations (53) and (54)) are...
]E[Mu} =0 ...and... E{Mlﬂ =1 (3)
Using the expectations above the mean (j,,) and variance (02) of M, are...

o =E [Mu} =0 (4)

sl -{eu) -

The state of the economy in Europe is represented by the common factor M, (European Market Factor). The value
of M, is a function of (1) the correlation between the European economy and the Global economy and (2) random
noise, which is represented by the independent random variate Z.. The correlation between the European economy
and the Global economy is represented by p. 4. The equation for the random variate M, is...

M = peg Mg + /1= p2,Z. ..where... Z. ~ NI[0,1] (6)

The expected values of M, and the square of M, (see Appendix equations (55) and (56)) are...
E{Me} =0 ..and... E{Mﬁ} =1 (7)
Using the expectations above the mean (i) and variance (02) of M, are...

e =E [M] =0 (8)

sl (e -

The correlation between the US economy and the European economy in terms of the common factors M, and M,
(see equations (5), (9), (53), (55) and (57)) is...

oo = EIMu M) — E[M,JE[M,]

For the hypothetical problem above the correlation between the US and European economies using Equation (10)
is...

=E {Mu Me} = Pu,g Pe,g (10)

pue = 0.75 x 0.65 = 0.4875 (11)



Product Factors

We will define Product as the products that ABC Company sells in it’s respective markets. ABC Company’s two
products are computer chips and fax machines. We will model the correlation between the product and the market
in which that product is sold via common factors (Product Factors) each of which is correlated with the United
States economy if that product is sold in the United States and the European economy if that product is sold in
Europe. The four product factors are...

Symbol Description
Cu = Product factor for the chip business in the United States
F, = Product factor for the fax machine business in the United States
C. Product factor for the chip business in Europe
F, = Product factor for the fax machine business in Europe

The US product factors C,, and F, are correlated with the US market factor M, as defined by Equation (2)
above. The correlation between C, and M, is represented by p.. and the correlation between F, and M, is
represented by ps.. The values of C,, and F,, are a function of (1) the correlation between the respective products
and the US economy (M,) and (2) random noise, which is represented by the independent random variates Z.,,
and Z¢,. The equations for the random variates C, and F;, are...

Cu = peu My + /1= p2, Zew ~where... Z., ~ NI0,1] (12)
Fo=pruMy,+4/1— p%u Zsy ..where... Zs, ~ NJ[0,1] (13)

The expected values of C,,, the square of C,,, F, and the square of F,, (see Appendix equations (58), (59), (60) and
(61)) are...

E[Cu} =0 ..and... E[Cﬁ} =1 (14)

E{Fu] =0 ..and... E[Fi} =1 (15)
Using the expectations above the mean (fic,,) and variance (o2, of Cy are...

fow =E|Cu| =0 (16)

o, =E _05_ - {E[Cu] }2 =1 (17)

Using the expectations above the mean () and variance (O’?}u) of F, are...

pru=E|F,| =0 (18)

- 2
o, =E|F}| - {E[Fu]} =1 (19)
The European product factors C, and F, are correlated with the European market factor M, as defined by Equation
(6) above. The correlation between C, and M, is represented by p.. and the correlation between F, and M, is
represented by pr .. The values of C. and F. are a function of (1) the correlation between the respective products
and the European economy (M,.) and (2) random noise, which is represented by the independent random variates
Ze,e and Zg . The equations for the random variates C. and F, are...

Ce = pee Mo + /1 = p2 . Zcc ..where... Z. .~ N|0,1] (20)
F.=pseM.+ /1 — p%e Zse ..where... Zs .~ N[0,1] (21)



The expected values of C, the square of C., F,. and the square of F, (see Appendix equations (62), (63), (64) and
(65)) are...

E[CE} =0 ...and... E{Cf} =1 (22)
E{F] =0 ..and... E[FZ] =1 (23)

Using the expectations above the mean (fic,c) and variance (o7 ) of C, are...

w&—EFJ—O (24)

o2, =E {02} - {E[Ce} }2 =1 (25)

Using the expectations above the mean (uy,.) and variance (O’% ) of F¢ are...

M@EP40 (26)

07.=E {FQ} — {E[F] }2 =1 (27)

Product Returns, Variances and Covariances

The equations for the annual returns on the chip (r.,,) and fax machine (7¢,,) businesses in the United States are...

Teou = Heyu + Oc,u Cu (28)
T = Hfut Ofu Py (29)

The expected return on the chip business in the United States (see Appendix equation (72)) is...

Mean(rc,) =E {rc’u]
= Hc,u (30)

The expected return variance on the chip business in the United States (see Appendix equations (72) and (76)) is...

Var(re,) =E {ﬁu] - {E[rc,u} }2

= Mi,u + Uz,u - Mi,u
=02, (31)

The expected return on the fax machine business in the United States (see Appendix equation (73)) is...
Mean(ry,) =E l:Tf,u:|

= Hfu (32)

The expected return variance on the fax machine business in the United States (see Appendix equations (73) and

(77)) is...
Var(rs,) = E[T?w} - {E[Tf’u] }2

= Hiut+ O = 1
= afc}u (33)



The equations for the annual returns on the chip (r..) and fax machine (7 .) businesses in Europe are...

Te,e = Mee T Oce Ce (34)
Tfe = Hfe+ 0 ke (35)

The expected return on the chip business in the Europe (see Appendix equation (74)) is...
Mean(r..) =E |:Tc,e:|

= He,e (36)

The expected return variance on the chip business in Europe (see Appendix equations (74) and (78)) is...

Var(ree) = E[rie] - {E[r] }2

= /j‘z,e + Jg,e - /”L?:,e
ey (37)

The expected return on the fax machine business in the Europe (see Appendix equation (75)) is...
Mean(rs.) =E {rf_’e]

= HUfe (38)

The expected return variance on the fax machine business in Europe (see Appendix equations (75) and (79)) is...

Var(ry.) = ]E[r%e} - {E[rf,e] }2

- ,u/? e + U;,e M?‘ e
— o2, (39)

The covariance between the returns on the chip business in the United States and the returns on the fax machine
business in the United States (see Appendix equations (72), (73) and (80)) is...

Cov(reuriu) =E [rqu Tf,u} -k [rc,u] E {rﬁu}

= e Mfu T Peu PfuTcu0fu — HeuHfu
= Pcu PfuOcu0fu (40)

The covariance between the returns on the chip business in the United States and the returns on the chip business
in Europe (see Appendix equations (72), (74) and (81)) is...

Cov(reuree) =E |:Tc,u Tc,e:| —E |:Tc,u:| E |:rc,e:|

= We,u fee T Puym Pe,m Peu Peye Ocu Ocye — Meyu Me,e
= Pu,m Pe,m Pc,u Pc,e Oc,u Oc,e (41)

The covariance between the returns on the chip business in the United States and the returns on the fax machine
business in Europe (see Appendix equations (72), (75) and (82)) is...

Cov(reurye) =E |:7“C,u rf,e] —E [rmu} E [rf)e]

= Mec,u Hfe + Pu,m Pe,m Pcu PfeTcuOfe — Heu Hfe
= Pu,m Pe;m Pc,u Pf,e Oc,u O fie (42)



The covariance between the returns on the fax machine business in the United States and the returns on the chip
business in Europe (see Appendix equations (73), (74) and (83)) is

Cov(rgurce) =E [rf,u rc,e] - E {rf’u] E [rc,e]

= Hfu Hce + Pu,m Pe,m Pfu Pce OfuOce — Hfu le,e
= Pu,m Pe;m Pf,u Pc,e OfuOc,e (43)

The covariance between the returns on the fax machine business in the United States and the returns on the fax
machine business in Europe (see Appendix equations (73), (75) and (84)) is

Cov(ryurse) =E [rf,u rf@} —E [rf,u} E [rf’e}

= Wfubfe T Pum Pe;m PfuPfeOfu0fe = Hfulfe
= Pu,m Pe;m PfuPfeOfu0fe (44)
The covariance between the returns on the chip business in Europe and the returns on the fax machine business in

Europe (see Appendix equations (74), (75) and (85)) is

Cov(reerse) =E {rc’e rf’e} —E [rc,e] E [rf’e}
= Hc,e Hf,e + Pc,e PfeOceOfe — Hece e

= Pc,e PfeOceOfe (45)

The Solution To Our Hypothetical Problem

To solve the hypothetical problem above we will first need a column vector of portfolio weights. The portfolio
weight vector w is...

We,y 0.40
~wpa| (030

V= lwee | T (020 (46)
Wf.e 0.10

We will also need a column vector of expected returns and a column vector of expected return volatilities. The
expected return vector r is...

uc,u_ [0.18]
_ | Mfu| 0.15
" e | T {012 (47)
Kie | 10.09]
The expected volatility vector v is... ) ) i
Ocou 0.30
oful| _ 1025
V= loee| ~ 020 (48)
Ofe ] _0.15_

To calculate portfolio volatility we will need the covariance matrix. The covariance matrix C is...

Var(rew) Cov(reu,Tfu) C’ov(rcm Tere) C’ov(rC wTfe) 0.0900 0.0446 0.0199 0.0112
c_ Cov(rfy,Ten) Var(ryy) Cov(rfy,Te.e) v(rf w,Tre)| _ 10.0446 0.0625 0.0137 0.0077
| Cov(ree,ren) Cov(ree,rpy) Var(ree) ov(ree,re) | 10.0199 0.0137 0.0400 0.0144
Cov(rfe,ren) Cov(rfe,Tru) Cov(rfe,ree) Var(rf e) 0.0112 0.0077 0.0144 0.0225

(19)

Note: The above matrix and vectors make use of the tables in Our Hypothetical Problem above and the section on
Product Returns, Variances and Covariances.

We now have enough information to answer the questions posed by our hypothetical problem above. The expected
portfolio return () is...
p = wlr = 0.1500 (50)



The weighted average portfolio volatility (&,) is...
6, =wlv =0.2500 (51)

Expected portfolio volatility (o,), which reflects the benefits of diversification, is...

o, = VwTCw = 10.0393 = 0.1983 52
P

Conclusion: The weighted average portfolio volatility is 25%. Because of market and product diversification (and
given that correlations are less than one) expected portfolio return volatility is approximately 20%, which is a
5% decrease over the simple weighted average volatility. Given a scenario where (1) there is market and product
diversification and (2) relevant correlations are less than one, using a public company’s volatility as a proxy for
private company volatility may understate private company volatility when the private company is not diversified
by market and/or by product.

To get some idea as to the sensitivity of the correlation assumptions lets assume that for the hypothetical problem
above the factor correlation coefficients were equal, the portfolio weights were equal and the individual product
volatilities were all 25%, which is the weighted average volatility. The following table shows total portfolio volatility
assuming different levels of correlation...

Factor Correlation Portfolio Volatility —Percent of Base Case *

1.00 25.00% 100%
0.90 22.09% 88%
0.80 19.60% 78%
0.70 17.55% 70%

* The base case assumes zero diversification benefit (i.e. correlations = 1.00)

To answer the question 'by how much is ABC Company’s portfolio volatility reduced as the result of diversifi-
cation as compared to a company with one product in one market’ we can refer to the scenario table above. If the
private company with one product in one market has an actual return volatility of 25% then ABC Company’s port-
folio volatility of 25% is a good proxy for the return volatilities of our private company. However, if correlations =
0.70 then ABC Company’s portfolio volatility of 17.55% understates the return volatilities of our private company.
In such cases where correlations are less than one Total Beta may yield a cost of capital that is a 'Lower Bound’ to
cost of capital for our private company.

Appendix
A. The first moment of the probability distribution of M, as defined by Equation (2) is...

E |:Mu:| =E |:pu,g Mg + \/ 1- P%,g Zy

= ]E{pu,g MG} —|—E[ 1-— p?hg Zu]

= pu’gE[MG} +4/1— p%’gE Zu]

=0 (53)

Note that E[Mg] = 0 per Equation (1) and E[Z,] = 0 per Equation (2).



B. The second moment of the probability distribution of M, as defined by Equation (2) is...

r 2
E{Mf] =K {pu7gMG+,/1p%7gZu} ]

B[, M2+ (L= p2,) 22+ 201 - 72y Mo 2,

=E|p}, MC%] +E [(1 —Pay) Zi} + ]E[Q pugr/1— P2y Ma Zu]
=p2,E {Mé] +(1-pi E {Zﬁ} +2pugy/1— 02, E| Mg Zu]

= p'sz,,g + (1 - pi,g)
=1 (54)

Note that E[MZ] = 1 per Equation (1), E[ZZ] = 1 per Equation (2) and E[M¢ Z,] = 0 because M¢ and Z, are
independent by definition.

C. The first moment of the probability distribution of M, as defined by Equation (6) is...

Note that E[Mg] = 0 per Equation (1) and E[Z.] = 0 per Equation (6).

D. The second moment of the probability distribution of M, as defined by Equation (6) is...

r 2
{pe,g MG + \/ 1 —Pg,g Ze} :|

]E{MQ} _E

=E£ﬂ%+ﬂ—£ﬁﬁ+MW1—@Mh&]

=E|p2, Mé] +E {(1 —p2,) Zf} + ]E{Z pegr/1— P2, Mg Ze]

= e E [Mé] +(1-p2,)E {22} + 2pe,gME [MG Ze]

= pg,g + (1 - pz,g)
=1 (56)

Note that E[MZ] = 1 per Equation (1), E[Z2] = 1 per Equation (6) and E[M¢ Z.] = 0 because of independence.

E. The expected value of the product of M,, and M. is...

{pu,m Mg + \/ 1- p%,m Zu}{pe,m Mg + A/ 1- Pg,m Ze}:|

=E Pu,m Pe,m MCQ;’ + Pu,m 1- Pg,m MG’ Ze + Pe,m \/ 1- P%,m MG Zu + \/1 - p%,m \/1 - Pg,m Zu Ze:|

E[Mu Me} =E

= E|pum pem Mg‘} +E [pu,m 1- Pg,m Me ZE] +E {Pe,m 1- pz%,m Me Zu:| +E [\/1 - pi,m\/l - pg,m Zy Ze}

= pu,m Pe,m E {Mé} + Pu,m \/ 1- Pg,m E [MG Ze] + Pe,m 4/ 1- p%,m E {MG Zu} + \/1 - p%,m\/l - pg,m E [Zu ZE}

= Pu,m Pe,m (57)




Note that E[MZ] = 1 per Equation (1) and E[M¢ Z,] = E[M¢ Z.] = E[Z,, Z.] = 0 because of independence.

F. The expected value of C,, is...

=0 (58)
Note that E[M,] = 0 per Equation (53) and E[Z, ,] = 0 per Equation (12).

G. The expected value of C2 is...

r 2
E[Cﬁ} =F {pc’uMu+./1—pg,ch,u} }

=E PguMg +2pcuy/1 — pg,u My Zew+ (11— pg,u) Zc2u:|

=E piuMi} +E [2 Peur/1 = P20 Mu ZC,u] +E {(1 - pz,u) ZC%u:|

2B M T 2p0my/1— L E [Mu z} (- 2)E [z}

= pi,u + (1 - pz,u)
—1 (59)

Note that E[M?] = 1 per Equation (54), E[ZZ ] = 1 per Equation (12) and E[M, Z. ,] = 0 because of independence.

H. The expected value of F, is...

E {Fu} —E {pm M, +4/1-p%, Zf,u]
= ]E|:pf,u Mu:| +E|:\/1 — p?,u Zf,u:|
= pf,uE[Mu] +4/1— p%uE[Zf,u:|

= (60)
Note that E[M,] = 0 per Equation (53) and E[Z;,] = 0 per Equation (13).
I. The expected value of F2 is...
- 2
E[Ff] =E {pm My +4/1=p3, nyu} ]
=E|p} Mg +2p5ur/1 = P2 My Zyu+ (1= p}o) Z?,u]
=E p%uMi] +E {2 pray/1 = P, M Zf,u} +E [(1 ~ Piu) Z?,u}
=7 E [Mi} +2ppu\/1 = p7, B [Mu Zf,u} + (1= pf.)E {Z?,u}
=1 (61)



Note that E[M?2] = 1 per Equation (54), E[Z]%u] = 1 per Equation (13), and E[M,, Z ] = 0 because of independence.

J. The expected value of C, is...

= Pc,e E |:Me:| +4/1 - p%)e E |:Zc,e:|
=0 (62)

Note that E[M,] = 0 per Equation (55) and E[Z, .| = 0 per Equation (20).

K. The expected value of C2 is...

r 2
E[Cj] =FE {pc,EMe—&—,/l—pg’eZ&u} ]

=E ﬂz,eM.f +2pcey/1— P?,e M Zee+(1— Pf,e) Zcz,e:|

=E Pi,eMeﬂ +E [2 Pee\/1 = pZo My Zc,e] +E {(1 - pie) Zie}

= pg7eE|:M(i2:| + 2pc,e \/ 1- paeE |:M€ ZC,€:| + (1 - 10(2:,6) E[Zg,e:|

= pg,e + (1 - pz,e)
-1 (63)

Note that E[M?] = 1 per Equation (56), E[ZZ ] = 1 per Equation (20), and E[M, Z. ] = 0 because of independence.

L. The expected value of F is...

E[F} -E {pf,e M.+ /1= 9%, Zf,e]

=E |:,0f,e Me:| + ]E|: 1-— p?p’e Zf7e:|

= pf7eE|:M€:| +4/1— p%eE[Zﬁe:l

_ (64)
Note that E[M.] = 0 per Equation (55) and E[Z;.] = 0 per Equation (21).

M. The expected value of F2 is...

EM _E

2
{Pf,eMe + \/1 *p?,e Zf,u} :|

=E|p} M +2ppe\/1—p2. M Zs e+ (1= pi.) Z?,e}

— B |6 02| + B 200 1= M 2] +E|0- 0 23,

= B0 + 2ppn [T 7 B 0 20| 4 (- 0 | 22,

= p?‘,e + (1 - p?,e)
=1 (65)
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Note that E[M?2] = 1 per Equation (56), ]E[Z%e] = 1 per Equation (21), and E[M, Z¢ ] = 0 because of independence.

N. The expected value of the product of C,, and F, is...

E[Cu Fu} =F

{pqu M, + \/ 1- Pg,u Zc;u,}{pﬂu M, + \/ 1- p?f’u Zf,u}:|

=E|peu praMi + peu /1= 05 Mu Zpu+ pru/1 = P20 My Zeu + \/ 1—pZ. \/ 1—p% ., Zewu Zf,u}

=E|pew pf’uME] +E {pc,u 12, M, Zf,u] +E {pm 1—p2, M, chu} +E [\/ 1- pg,u\/ 12, Zev ZM}

= Peu pf7UE|:M'3:| + Peu \/ 1— p%,uE[Mu Zf7U:| tPfu \/ pcuE[M Ze u:| + \/1 - pg,u\/l - p?,uE[Z(%U vauj|

= PeuPfu (66)

Note that E[M?2] = 1 per Equation (54) and E[M,, Z¢,,] = E[My Z. ) = E[Z¢ . Z5.) = 0 because of independence.

O. The expected value of the product of C, and C. is...

E[C’u Ce} =E

= ]E pc,u pc,eMuMe + pc,u 1- Pg,e Mu Zc,e + pc,e \/ 1- Pg,u Mu Zc,u + \/1 - Pg,u\/l - Pg,e Zc,u Zc,e:|

{pc,u Mu + \/ ]- - Pgu Zc,u}{pc,e Me + \/ ]- - nge Zc,e}:|

=E Pe,u pc,eMuMe:| + E |:pc,u 1- ﬂ%,e Mu Zc,e:| + E |:pc,e 1- Pg,u Mu Zc,u:| + E |:\/1 - Pg,u \/1 - Pae Zc,u Zc,e:|

= pc,u pc,e E |:MuMe:| + pc,u \/ Pc e E [M Zc e:| + pc,e A/ 1- Pg,u E |:Mu Zc,u:| + \/1 - Pg,u \/1 - P%,e ]E |:Zc,u Zc,e:|

= Pec,u Pc,e Pu,m Pe,m (67)

Note that E[My M.] = pu.m pe.m per Equation (57) and E[M, Z. ] = E[M, Z. ] = E[Z¢w Zce] = 0 because of

independence.

P. The expected value of the product of C, and F, is...

IE[C“F% =E
=E

=E

{pc,u M, +4/1 —Pg,u Zc,u}{pf,e M. + \/ 1 _p?,e Zf,e}:|
Pecu pf,eMuMe + Peyu 1- p?ﬁe M, Zf,e + Pfe \/ 1- Pg,u M, Zc,u + \/1 - Pau\/l - P?e Zc,u Zf7e:|

Pec,u pf,eMuMe:| +E |:pc,u 1- ,03:76 Mu Zf,e:| +E |:pf,e 1- Pg’u Mu Zc,u:| +E |:\/1 - Pg,u \/1 - P?e Zc,u Zf,e:|

= Pec,u Pf,eE[MuME] + Peyur/ 1- P?,eE[Mu Zf,e] + Pee \/ pc JE {M Ze U} + \/1 - Pg,u\/l - P?,eE[Z&u Zfﬁ]

= Pc,u Pf,e Pu,m Pem (68)

Note that E[M, M.] = pu,m Pe,m per Equation (57) and E[M, Z;.] = E[M, Z.,] = E[Z.. Z;.] = 0 because of

independence.
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Q. The expected value of the product of F;, and C, is...

E[Fu Ce} =E {Pf,u M, +4/1-— p?u Zfﬁu}{pc,e Mo+ /1 —p2, Zc’e}]

=E Pfu pc,eMuMe +Pfu 1- pg,e M, Zc,e + Pe.e 1- P?u M, Zf,u + \/1 - P%u\/l - ,Dg,e Zf,u Zc,e:|

—E|psu pc,eMuMe] +E {pf,u 1-p2, M, Z} +E [pw 102, M, Zf,u} +E [\/1 - p?’u\/l — 02 Zsa Z]

:pf7upc,eE|:MuMe:|+pf,u\/ pce]E[M Zce:|+pc,e 1_p§fu |:M qu:| \/1 pfu\/l_pce |:quZce:|

= Pfu Pc,e Pu,m Pe,m (69)

Note that E[M, M.] = pu,m pe,m per Equation (57) and E[M, Z..] = E[M. Z;,] = E[Zf. Z..] = 0 because of
independence.

R. The expected value of the product of F,, and F} is...

{osamnce =iz oo+ 1= 03, 21, ]

=B ppu preMuMe + pran/1 = 0, My Zge + preJ1= 0%, Me Zp /1= 0%\ 1= 93 Zp Zﬁe}

E|n.F| -k

=E|psu /)f,eMuMe] +E [pf,u 1= pj . M, Zf,e] +E [Pf,e 1= pj, M. Zf,u] +E {\/1 ~ /1= P 21 Zf,e]

= PfulfeE [MuMe} +ppuyf1=pf E {Mu Zf,e] +0re\/1=P7,E [Me Zf,u] + \/1 - Pfc,u\/l —rj.E [nyu Zf,e}

= PfuPfe Pusm Pem (70)

Note that E[M, M.] = pu,m pe,m Per Equation (57) and E[M, Z¢ .| = E[M. Z;,] = E[Z;. Zs ] = 0 because of
independence.

S. The expected value of the product of C, and F, is...

{pc,e M, + \/@Z&e}{pﬁe M, +J1-p2, Zf7EH
=E|peepreME + pea\J1 =05 Me Zpe + pre 1= pee Me Zee + \/ 1- p%,e\/ L= pfeZee Zf,e}

—E|pe. pf,eM62:| + E[pc’e 1—p2, M, Zf,e] +E {pf,e 1-p2, M, Z] +E [\/1 - pgﬁe\/1 — 2 Zee Zf,e]

= Pec,e Pf,eE {ME} + Pe,e \/ 1- p?f,e E {Me Zf,e] + Pre \/ — Pe eE[M Ze e} =+ \/1 - pg,e\/l - p?,eE[ZC@ Zf,e]

= Pc,e Pf,e (71)

E[Ce F} =E

Note that E[M?2] = 1 per Equation (57) and E[M, Z;,] = E[M, Z. .| = E[Z... Z] = 0 because of independence.

T. The expected value of the return on the chip business in The United States is...
E |:Tc,u:| =E |:l14c,u + Oc,u Cu

=E |:ﬂc,u:| +E |:0'c,u C'u:|

= He,u + Oc,u E |:Cu

= Hec,u (72)
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Note that E[C,] = 0 per Equation (58).

U. The expected value of the return on the fax business in The United States is...

E [Tf,u} =E {P‘f,u +0fuCu

=E |:,Uf7u:| + E |:Jf,u Cu]

= lfu +0f’uE|:Cu

Note that E[C,,] = 0 per Equation (58).

V. The expected value of the return on the chip business in Europe is...
E |:rc,e:| =E |:/1'c,e + Oc,e Ce:|
=F |:ﬂc,e:| +E |:0'Cye C’e]

= fc,e T Ocu E |:Ce:|
= HUc,e (74)

Note that E[C.] = 0 per Equation (62).

W. The expected value of the return on the fax business in Europe is...
E |:Tf7€:| =K |:,U,f76 + 0t C@:|
=E {,uf’e} + E [O’ﬁe Ce]

= Hfe + Ofe E |:Ce:|
= HUfe (75)

Note that E[C.] = 0 per Equation (62).

X. The expected value of the squared return on the chip business in The United States is...

r 2
E |:’f‘iu:| =E {Mc,u + Oc,u Ou} :|

=E ‘leiu + 2 Heu Ocyu Cu + Ug,u CZ

=E ,uiu} +E {2 Heyu Ocu Cu} +E [Uau C’i]

= pZw + 2 peuOeu B [Cu] +0.,E Oﬁ}

24, (76)

Note that E[C,] = 0 per Equation (58) and E[C?] = 1 per Equation (59)
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Y. The expected value of the squared return on the fax machine business in The United States is...

2
o] -elfrnc ]

=K l‘?,u +2pf00fuCu+ 0]2”,u Ci

=E IU/?U} +E [2 Wt Ofu C’u} +E [U?,u Cﬁ]

= M?,u +2 HfuOfu E |:Cu:| + 0'J2c,u E CZ:|

= 4+t (77)

Note that E[C,] = 0 per Equation (58) and E[C?] = 1 per Equation (59)

Z. The expected value of the squared return on the chip business in Europe is...

r 2
ot -l

=K ,uie + 2,Uc,e Oc,e Ce + Uz,e 062

=K :U/ie:| +E [2 HeeOce Ce:| +E Ug,e CZ:|

= /j‘?:,e +2 HeyeOce E |:Ce:| + O'ie E Cs:|

=pl.+oo, (78)

Note that E[C,] = 0 per Equation (62) and E[C?] = 1 per Equation (63)

AA. The expected value of the squared return on the fax machine business in Europe is...

- 2
o] -ofprevvf

=E|puf.+2pu5c07eCe+ 0}, C?

=FE u%e} +IE{2,uf’e Ofe Ce] —l—E{U%e 082}

:N?’e+2ﬂf,eaf,eE|:Ce:| —I—O'J%,EE 062]

=pie+ 07, (79)

Note that E[C,] = 0 per Equation (62) and E[C?] = 1 per Equation (63)

BB. The expected value of the

product of the return on the chip business in The United States and the return on

the fax machine business in The United States is...

E |:7“C,u Tf)u:| =K
=E

=E

{Mc,u + Oc,u Cu}{//bf,u + Ofu Fu}:|

Heu Hfu + Heu O fu Fu + HfuOcu Cu + Ocu0fu Cu Fu:|

He,u ,uf,u:| +E|:,Ufc,u Ofu Fu:| +]E|:,Uff,u Oc,u C’u:| +E|:O—c,u Ofu Cu Fu:|

= feu bfu T Hew O fu E l:Fu:| + lfuwOcu E |:Cu:| +0cuOfu E |:Cu Fu:|

= Heyu Hfu+ Ocu Ofu {pau pf,u} (80)
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Note that E[F,] = 0 per Equation (60), E[C,] = 0 per Equation (58) and E[C\, F,,| = pc.. pf,u Per Equation (66).

CC. The expected value of the product of the return on the chip business in The United States and the return on
the chip business in Europe is...

E |:Tc,u Tc,e:| =E {,uc,u + Ocu Cu} {ﬂc,e + Oce Ce}:|

=K He,u He,e + Heu Oce Ce + He,e Ocu Cu + Oc,uOce Cu Ce:|

=K He,u Mc,e:| +E |:Mc,u Oc.e Ce:| +E |:Mc,e Oc,u C'u:| +E |:Uc,u Oce Cu Ce:|
= Hecu He,e + Heu Oce E |:Ce:| + He,e Ocu E |:Cu:| + Oc,u0Oc,e E |:Cu Ce:|
= eu fee + T Ocye {pc,u Pe.e Puym pe,m} (81)

Note that E[C,] = 0 per Equation (62), E[C,,] = 0 per Equation (58) and E[C), Ce] = pc.v pe,e Pu,m Pe,m Per Equation
(67).

DD. The expected value of the product of the return on the chip business in The United States and the return on
the fax machine business in Europe is...

]E|:Tc,u Tf,e:| =EK {Hc,u + Ocu Cu}{,uf,e + Ot Oe}:|

=E Heu Hfe + Heu Ofe Ce + HfeOcu Cu + OcuOfe Cu Ce:|

=E He,u /Jff,e:| +E |:,U/c,u Ofe Ce:| +E |:,U/f,e Oc,u C’u:| +E |:O—c,u Ofe Cu Ce:|

= Meu Mfe + HeuOfe E |:Ce:| + HfeOcu E |:Cu:| + OcuOfe E |:Cu Ce:|

= He,u Pfe + OcuOfe {pc,u Pf.e Pum pe,m} (82)
Note that E[C.] = 0 per Equation (62), E[C,,] = 0 per Equation (58) and E[C), Ce] = pc.v Pe,e Pu,m Pe,m Per Equation
(67).

EE. The expected value of the product of the return on the fax machine business in The United States and
the return on the chip business in Europe is...

E |:rf,u Tc,6:| =E {Mf,u + Ofu Fu}{,uc,e + Oc.e Ce}

=E Mfu fee + HfuOce Ce + Hec,e O fu F,+ OfuOce F, Ce:|

=K Hfu lffc,e:| +E |:,U/f,u Oc.e Ce:| +E |:,Ufc,e Ofu Fu:| +E |:O—f,u Oc,e Fu Ce:|

= Hfu Mc,e + HfuOce E |:Ce:| + He,e O fu E |:Fu:| + Ofu0ce E |:Fu Ce:|

= Hfubee T Ofu0ce {pf,u Pc,e Pu,m pe,m} (83)

Note that E[C,] = 0 per Equation (62), E[Fu} = 0 per Equation (60) and E[F, C.] = ps.u Pc,e Pu.m Pe,m Per Equa-
tion (69).
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FF. The expected value of the product of the return on the fax machine business in The United States and
the return on the fax business in Europe is...

E |:rf,u Tf,e:| =K {,u/f,u + Ofu Fu}{ﬂf,e + Ofe Fe}:|

=E Hfufe + HfuOfe Fe + HfeOfu Fu + OfuOfe Fu Fe:|

=E|psu Uf,e} +E [Nf,u Ofe Fe} +E [Mﬁe Ofu Fu] +E {Uf,u oty Fe]

= HfulMfe + Hfu Uf,eE|:Fe:| + Kfe Uf,u]E |:Fu:| + Ofu O-f,eE|:Fu Fe:|
=Ufulfet Ofu0fe {pf,u Pf.e Pum pe,m} (84)

Note that E[F,] = 0 per Equation (64), E[F,] = 0 per Equation (60) and E[F, Fe| = pf v pf,e Pu,m Pe,m Per Equation
(70).

GG. The expected value of the product of the return on the chip business in Europe and the return on the
fax business in Europe is...

E|:7"c,e Tf,e:| =E {,Ufc,e + Oc,e Oe}{,uff,e + Ofe Fe}:|

=K Peye thfe+ HeeOfe F. + HfeOce Ce + OceOfe Ce Fe:|

=K Hc,e /’Lf,e] +E l:,uc,e Ofe Fe:| +E |:/J/f,e Oc.e Ce:| +E |:Uc,e Ofe Ce Fe:|

= Hc,e Hf,e + He,eOfe E |:Fe:| + HfeOce E |:Ce:| + Oc,eOfe E |:Ce Fe:|

= He,e Hf,e + Oc,eOfe {pc,e pf,e} (85)

Note that E[F,] = 0 per Equation (64), E[C.] = 0 per Equation (62) and E[C, Fe] = pc.c pf,e Per Equation (71).
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